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Abstract
In this paper, we determine the type numbers of the pseudo-hyperbolic Gauss maps of all
oriented Lorentzian surfaces of constant mean and Gaussian curvatures and non-diagonalizable
shape operator in the 3-dimensional anti-de Sitter space. Also, we investigate the behavior of type
numbers of the pseudo-hyperbolic Gauss map along the parallel family of such oriented Lorentzian
surfaces in the 3-dimensional anti-de Sitter space. Furthermore, we investigate the type number of
the pseudo-hyperbolic Gauss map of one of Lorentzian hypersurfaces of B-scroll type in a general
dimensional anti-de Sitter space.
1 Introduction
The notion of finite typeness of isometric immersions into a Euclidean space was introduced by
B.Y. Chen in the late 1970’s (see [C1], [C2], [C3], [CV] etc.). Later, the finite typeness of isometric
immersions into a Euclidean space or, in more general, a pseudo-Euclidean space have been stud-
ied by many geometers (see [C1], [C2], [C3] etc.). B.Y. Chen and P. Piccinni ([CP]) extended the
notion of the finite typeness to C∞-maps and studied the finite typeness of the Gauss map (which
is not an immersion) of isometric immersions. Recently B. Bektas¸, E.O¨. Canfes, U. Dursun and
R. Yegˇin has been studied the finite typeness of the pseudo-spherical (resp. the pseudo-hyperbolic)
Gauss maps of isometric immersions into the pseudo-sphere (resp. the pseudo-hyperbolic space) (see
[BD], [BCD1], [BCD2], [YD]).
Let M be an n-dimensional pseudo-Riemannian manifold of index t and Ems be an m-dimensional
pseudo-Euclidean space of index s. The smooth map φ :M → Ems is said to be of finite type if φ has
the spectral decomposition: φ = φ1 + · · · + φk with φi : M → Ems ’s are non-constant map such that
∆φi = λiφi, where ∆ is the Laplacian operator of M and λi are constants, and furthermore, if λi’s
are mutually distinct, then φ is said to be of k-type. Denote by Sm−1s the (m−1)-dimensional pseudo-
sphere of constant curvature 1 and index s and Hm−1s the (m − 1)-dimensional pseudo-hyperbolic
space of constant curvature −1 and index s. Let M be an n-dimensional oriented pseudo-Riemannian
manifold of index t and x : M →֒ Sm−1s ⊂ Ems be an isometric immersion. Let G(n + 1,m)t be the
Grassmannian manifold consisting of (n+ 1)-dimensional oriented non-degenerate subspaces of index
t of Ems . Define a map ν˜ : M → G(n + 1,m)t by ν˜(p) = x(p) ∧ x∗(ep1) ∧ x∗(ep2) ∧ · · · ∧ x∗(epn) for
p ∈ M , where (ep1, · · · , epn) is an orthonormal frame of TpM compatible with the orientation of M .
This map ν˜ is called the pseudo-spherical Gauss map of x. Similarly, for an isometric immersion
x :M →֒ Hm−1s ⊂ Ems+1, the pseudo-hyperbolic Gauss map ν˜ :M → G(n + 1,m)t+1 is defined.
D.S. Kim and Y.H. Kim([KK]) classified the Lorentzian surfaces of constant mean and Gaussian
curvatures and non-diagonalizable shape operator in the 3-dimensional de Sitter S31 and anti-de Sitter
H
3
1 space as follows.
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Fact 1. LetM21 be a Lorentzian surface in S
3
1 or H
3
1. If the mean and Gaussian curvatures are constant
and the shape operator is not diagonalizable at a point, then M21 is an open part of a complex circle
or a B-scroll.
B. Bektas¸, E.O¨. Canfes and U. Dursun ([BCD1]) determined the type number of the pseudo-
spherical Gauss map of an oriented Lorentzian surface in S31 of non-zero constant mean curvature and
non-diagonalizable shape operator at a point.
Fact 2. An oriented Lorentzian surface in S31 of constant mean curvature and non-diagonalizable
shape operator is of null 2-type pseudo-spherical Gauss map if and only if it is an open part of a
non-flat B-scroll over a null curve.
In this paper, we determined the type numbers of the pseudo-hyperbolic Gauss maps of such
Lorentzian surfaces in H31.
Theorem A. Let M be an oriented Lorentzian surface in H31 of constant mean and Gaussian curva-
tures and non-diagonalizable shape operator. The following facts hold.
(i) If M is the complex circle of radius −1, then the pseudo-hyperbolic Gauss map is of 1-type.
(ii) If M is the complex circle of radius κ (Re(κ) = −1, κ 6= −1), then the pseudo-hyperbolic
Gauss map is of infinite type.
(iii) If M is a non-flat B-scroll, then the pseudo-hyperbolic Gauss is of null 2-type.
(iv) If M is a flat B-scroll, then the pseudo-hyperbolic Gauss map is of infinite type.
Remark 1.1. The shapes of the complex circles of radius −1 and κ (Re(κ) = −1, κ 6= −1) are as in
Figure 1.
Theorem B. Let M be a complex circle in H31 and u be any real number. The parallel surface M
u
of M at distance u is a complex circle and the radius κu of the complex circle Mu moves over the
whole of {z ∈ C |Re(z) = −1} when u moves over R. Hence the only parallel surface of M has the
pseudo-hyperbolic Gauss map of 1-type and other parallel surfaces of M have the pseudo-hyperbolic
Gauss map of infinite type.
Theorem C. Let M be a B-scroll in H31 and u ∈ R sufficiently close to 0. If M is flat (resp. non-flat),
then the parallel surface Mu also is flat (resp. non-flat) B-scroll. Hence the type numbers of the
pseudo-hyperbolic Gauss maps of the parallel surfaces of a B-scroll are equal to that of the original
B-scroll.
Furthermore, we prove the following fact for the pseudo-hyperbolic Gauss map of one of the n-
dimensional Lorentzian hypersurfaces of B-scroll-type given by of L.J. Alias, A. Ferrandez, and P.
Lucas([AFL]).
Theorem D. Let (A,B,C,Z1, · · · , Zn−2) be the Cartan frame field of a null curve γ(s) ⊂ Hn+11 .
Assume that k1(s) 6= 0, k22 = 1 and ki is non-zero constant for i = 3, 4, · · · , n − 2. The immersion
x : I × R× Rn−2 → Hn+11 ⊂ En+22 given by
x(s, t, z) =
(
1 +
|z|2
2
)
γ(s) + tB(s) +
n−2∑
j=1
zjZj(s)− k2|z|
2
2
C(s),
parametrizes an oriented Lorentzian hypersurface of Hn+11 . The pseudo-hyperbolic Gauss map of this
oriented Lorentzian hypersurface is of infinite type.
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Figure 1 : The shape of S1
C
(κ) in R42
2 Basic notions and facts
Let 〈 , 〉 be the non-degenerate symmetric linear form of the m-dimensional real vector space Rm
defined by
〈v,w〉 = −
s∑
i=1
viwi +
m∑
j=s+1
vjwj,
where v = (v1, v2, · · · , vm) and w = (w1, w2, · · · , wm). Let g˜ be the pseudo-Euclidean metric of index
s on the m-dimensional affine space Rm induced from 〈, 〉 , i.e.
g˜ = −
s∑
i=1
dx2i +
m∑
j=s+1
dx2j ,
where (x1, · · · , xm) denotes an affine coordinate of Rm. Denote (Rm, g˜) by Ems . For x0 ∈ Ems and
c > 0 , we put
S
m−1
s (x0, c) = {x = (x1, · · · , xm) ∈ Ems | 〈−−→x0x,−−→x0x〉 =
1
c
}
and
H
m−1
s−1 (x0,−c) = {x = (x1, · · · , xm) ∈ Ems | 〈−−→x0x,−−→x0x〉 = −
1
c
}
Then Sm−1s (x0, c) (resp. H
m−1
s−1 (x0,−c)) is the (m − 1)-dimensional pseudo-Riemannian submanifold
in Ems of constant curvature c and index s (resp. constant curvature −c and index s − 1), called a
pseudo-sphere (resp. a pseudo-hyperbolic space). In particular, Sm−11 (c) (resp. H
m−1
1 (−c)) is called a
de Sitter space (resp. an anti-de Sitter space). For the simplicity, denote Sm−1s (0, c) and H
m−1
s−1 (0,−c)
by Sm−1s (c) and H
m−1
s−1 (−c), where 0 is the origin of Ems . Furthermore, we abbreviate Sm−1s (1) (resp.
H
m−1
s−1 (−1)) by Sm−1s (resp. Hm−1s−1 ).
Let Mt be an n-dimensional pseudo-Riemannian submanifold of index t in E
m
s immersed by x, for
the simplicity, we denote x(Mt) by Mt. Let ∇ and ∇˜ be the Levi-Civita connections of Mt and Ems ,
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respectively. Also, let ∇˜x the induced connection of ∇˜ by x and ∇⊥ the normal connection of Mt.
For the simplicity, we denote all metrics by the common symbol 〈 , 〉. We take a local orthonormal
frame field (e1, · · · , en) of the tangent bundle TMt of Mt defined on an open set U of Mt and a
local orthonormal frame field (en+1, · · · , em) of the normal bundle T⊥Mt of Mt defined on U . Put
ǫA := 〈eA, eA〉 = ±1 (A = 1, . . . ,m). Let {ω˜AB}A,B=1,··· ,m be the connection form of ∇˜ with respect
to (e1, · · · , en, en+1, · · · , em), {ωij}i,j=1,··· ,n the connection form of ∇ with respect to (e1, · · · , en) and
{ω⊥rs}r,s=n+1,··· ,m the connection form of ∇⊥ with respect to (en+1, · · · , em), that is,
∇˜XeA =
m∑
B=1
ǫBω˜AB(X)eB
∇Xei =
n∑
j=1
ǫjωij(X)ej
and
∇⊥Xer =
m∑
s=n+1
ǫsω
⊥
rs(X)es
for X ∈ TMt. Also, let hrij be the components of the second fundamental form h of Mt with respect
to (e1, · · · , en, en+1, · · · , em), that is, h(ei, ej) =
∑m
r=n+1 h
r
ijer and Ar the shape operator of Mt for
er, that is, Ar = Aer , where A denotes the shape tensor of Mt. Then we have ωAB + ωBA = 0,
(2.1) ∇˜ekei =
n∑
j=1
ǫjωij(ek)ej +
m∑
r=n+1
ǫrh
r
kier
and
(2.2) ∇˜eker = −Ar(ek) +
m∑
s=n+1
ǫsω
⊥
rs(ek)es
The mean curvature vector H and the scalar curvature S are defined by;
(2.3) H =
1
n
m∑
r=n+1
ǫrtrArer
and
(2.4) S = n2〈H,H〉 − ‖h‖2,
where ‖h‖2 =∑ni,j=1∑mr=n+1 ǫiǫjǫrhrijhrji. Denote by ∇ˆh the covariant derivative of h with respect to
∇ and ∇⊥. Let
(∇ˆekh)(ei, ej) =
m∑
r=n+1
ǫrh
r
ij;ker.(2.5)
Then we have
(2.6) hrij;k = h
r
jk;i,
(2.7) hrjk;i = ei(h
r
jk)−
n∑
l=1
ǫl(h
r
lkωjl(ei) + h
r
ljωkl(ei)) +
m∑
s=n+1
ǫsh
s
jkω
⊥
sr(ei),
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(2.8) R⊥(ej , ek; er, es) = 〈[Ar, As](ej), ek〉 =
n∑
i=1
ǫi(h
r
ikh
s
ij − hrijhsik),
where R⊥ is the normal curvature tensor of Mt.
Let x : Mt →֒ Sm−1s (c) or Hm−1s−1 (−c) ⊂ Ems be an isometric immersion. Denote by h and H
the second fundamental form and the mean curvature vector of Mt in E
m
s , hˆ and Hˆ be the second
fundamental form and of the mean curvature vector of Mt in S
m−1
s (c) or H
m−1
s−1 (−c).
We have
H = Hˆ − ǫcx,(2.9)
h = hˆ(X,Y )− ǫc〈X,Y 〉x,(2.10)
and (2.4) is rewritten as
S = ǫcn(n− 1) + n2〈Hˆ, Hˆ〉 − ‖hˆ‖2,(2.11)
where ǫ = +1 if in Sm−1s (c) and ǫ = −1 if in Hm−1s−1 (−c).
The gradient vector field ∇f of f ∈ C∞(Mt) is defined by ∇f =
∑n
i=1 ǫiei(f)ei, and Laplacian
operator ∆ of Mt with respect to the induced metric is given by ∆ =
∑n
i=1 ǫi(∇eiei − eiei).
Definition 1. Let φ : Mt → Hm−1s−1 (−c) ⊂ Ems (resp. φ : Mt → Sm−1s (c) ⊂ Ems ) be a smooth map.
Then φ is said to be of finite type in Hm−1s−1 (resp. in S
m−1
s ) if φ has the following spectral decomposition
as follows;
φ = φ1 + φ2 + · · ·+ φk
where φi : Mt → Ems ’s are non-constant map such that ∆φi = λiφi with λi ∈ R, i = 1, 2, . . . , k. If φ
has this spectral decomposition and λi’s are mutually distinct constant, then the map φ is said to be
of k-type, and when one of λi’s is equal to zero, the map φ is said to be of null k-type.
For a map of finite type, the following fact holds.
Lemma 2.1. Let φ : Mt → Hm−1s−1 or Sm−1s be a smooth map. If ∆2φ = 0, then ∆φ = 0 or φ is of
infinite type.
Proof. Assume that φ is of finite type and φ has the following spectral decomposition; φ = φ1 + φ2 +
· · · + φk with ∆φi = λiφi for λi ∈ R and i = 1, 2, · · · , k. Then we have
0 = ∆2φ = λ21φ1 + · · ·+ λ2kφk.
Therefore we have k = 1 and λ1 = 0, that is, ∆φ = 0.
Let Cn+1 be the (n+ 1)-dimensional complex vector space which is identified with R2n+2. Define
a non-degenerate symmetric bilinear form 〈 , 〉 of the Cn+1(= R2n+2) by
(2.12) 〈z, w〉 = Re
(
n+1∑
i=1
ziwi
)
(z = (z1, · · · , zn+1), w = (w1, · · · , wn+1) ∈ C)
Note that 〈z, z〉 = ∑n+1i=1 x2i −∑n+1i=1 y2i when z = (x1 + √−1y1, · · · , xn+1 + √−1yn+1) (xi, yi ∈ R
i = 1, · · · , n + 1)). Let g˜ be a pseudo-Euclidean metric of index n + 1 on the (2n + 2)-dimensional
affine space R2n+2(= Cn+1) induced from 〈 , 〉.
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Definition 2. Fix a non-zero complex number number κ. We put
SnC(κ) = {(z1, z2, · · · , zn+1) ∈ Cn+1 = E2n+2n+1 |
n+1∑
i=1
z2i = κ},
that is,
∑n+1
i=1 (x
2
i − y2i ) = Re(κ) and 2
∑n+1
i=1 xiyi = Im(κ) for zi = xi +
√−1yi (xi, yi ∈ R). This
submanifold Sn
C
(κ) is called a complex sphere of radius κ. In particular, when n = 1, it is a complex
circle of radius κ.
Remark 2.1.
SnC(κ) ⊂

S
2n+1
n+1 (Re(κ)) (if Re(κ) > 0)
H
2n+1
n (Re(κ)) (if Re(κ) < 0)
The complex circle S1
C
(κ) ⊂ H31 is parameterized as x(z) =
√
κ(cos z, sin, z) (z ∈ C).
Definition 3. A tangent vector v of pseudo-Riemannian manifold M is said to be
spacelike if 〈v, v〉 > 0 or v = 0,
timelike if 〈v, v〉 < 0,
null if 〈v, v〉 = 0 and v 6= 0.
The category into which a given tangent vector falls is called its causal character. The causal character
of a curve γ in M is that of the velocity γ′.
Definition 4. Let γ(s) be a null curve in S31(⊂ E41) or H31(⊂ E42). Let (A,B,C) be a tangent frame
field of S31 or H
3
1 along γ such that;
γ˙(s) = A(s),
A˙(s) = ∇˜γ˙A(s) + 〈A(s), A(s)〉Hˆγ = k1(s)C(s),
C˙(s) = ∇˜γ˙C(s) + 〈A(s), C(s)〉Hˆγ = k2A(s) + k1(s)B(s),
B˙(s) = ∇˜γ˙B(s) + 〈A(s), B(s)〉Hˆγ = k2C(s) + ǫγ,
where ǫ = +1 if in S31, ǫ = −1 if in H31, k1 and k2 are positive-valued functions. This frame field
(A,B,C) is called the Cartan frame field along γ. The the function k1 and k2 are called the first
curvature and the second curvature of γ, respectively. Then the immersion x(s, t) = γ(s) + tB(s)
parametrizes a Lorentzian ruled surface M in S31 or H
3
1. In this paper, if k2 is constant, then M is
called the B-scroll over γ.
3 Pseudo-spherical and Pseudo-hyperbolic Gauss map
Let G(n+1,m) be Grassmannian manifold consisting of (n+1)-dimensional oriented non-degenerate
subspaces of Ems , Let G(n+1,m)t+1 be the submanifold of G(n+1,m) consisting of (n+1)-dimensional
oriented non-degenerate subspaces of index t + 1 of Ems . Let (e˜1, · · · , e˜m) and (ê1, · · · , êm) be two
orthonormal frames of Ems . Let e˜i1 ∧ · · · ∧ e˜in+1 and êj1 ∧ · · · ∧ êjn+1 be two vectors in
∧n+1
E
m
s . Define
an indefinite inner product 〈〈, 〉〉 on ∧n+1 Ems by
〈〈e˜i1 ∧ · · · ∧ e˜in+1 , êj1 ∧ · · · ∧ êjn+1〉〉 = det (〈e˜il , êjk〉) , (l, k = 1, · · · , n+ 1).
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Therefore, we may identify
∧n+1
E
m
s with the pseudo-Euclidean space E
N
q for some positive integer
q, where N =
(
m
n+1
)
. The Grassmannian manifold G(n + 1,m)t+1 can be imbedded into a pseudo-
Euclidean space
∧n+1
E
m
s ≃ ENq by assigning Π ∈ G(n+1,m)t+1 to e˜1∧· · ·∧ e˜n+1 where (e˜1, · · · , e˜n+1)
is an orthonormal basis of Π compatible with the orientation of Π.
Let x : Mt →֒ Hm−1s−1 ⊂ Ems be an isometric immersion. For the immersion x, we define a map
ν˜ :Mt → G(n + 1,m)t+1 by
ν˜(p) = x(p) ∧ x∗(ep1) ∧ x∗(ep2) ∧ · · · ∧ x∗(epn) (p ∈Mt),
where (ep1, · · · , epn) is an orthonormal frame of TpMt compatible with the orientation of Mt. This map
ν˜ is called the pseudo-hyperbolic Gauss map of x. In the sequel, we all rewrite x∗(ei) by ei.
Let (e1, · · · , en) be an local orthonormal frame field of TMt compatible with the orientation of Mt and
(en+1, · · · , em) be an local orthonormal frame field of T⊥Mt defined an open set U of Mt, respectively.
The first derivative of the pseudo-hyperbolic Gauss map ν˜ is given by
(3.1) eiν˜ =
n∑
k=1
m−1∑
r=n+1
ǫrh
r
ikx ∧ e1 ∧ · · · ∧ er︸︷︷︸
k−th
∧ · · · ∧ en.
Yegˇin and Dursun proved the following fact.
Lemma 3.1. [YD] Let Mt be an n-dimensional oriented pseudo-Riemannian submanifold of index
t of a pseudo-hyperbolic Hm−1s ⊂ Ems+1. Then the Laplacian of the pseudo-hyperbolic Gauss map
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ν˜ :Mt → G(n + 1,m) ⊂ ENq , N =
(
m
n+1
)
. for some q is given by
∆ν˜ = ‖hˆ‖2ν˜ + nHˆ ∧ e1 ∧ · · · ∧ en − n
n∑
k=1
x ∧ e1 ∧ · · · ∧DekHˆ︸ ︷︷ ︸
k−th
∧ · · · ∧ en
+
n∑
i,k=1
j 6=k
m−1∑
r,s=n+1
r<s
ǫrǫsR
r
sjkx ∧ e1 ∧ · · · ∧ er︸︷︷︸
j−th
∧ · · · ∧ es︸︷︷︸
k−th
∧ · · · ∧ en
(3.2)
where Rrsjk = R
D(ej , ek; er, es).
In case of n = m− 2, Yegˇin and Dursun have the following fact.
Lemma 3.2. [YD] For an oriented pseudo-Riemannian hypersurface Mt with index t of H
n+1
s−1 ⊂ En+2s
we have
(3.3) ∆(en+1 ∧ e1 ∧ e2 ∧ · · · ∧ en) = −nHˆν˜ − nen+1 ∧ e1 ∧ e2 ∧ · · · ∧ en
where Hˆ is the mean curvature Mt in Hn+1s−1 , that is, Hˆ = ǫn+1Hˆen+1.
Lemma 3.3. If there exists a polynomial P (t) = (t−λ1)(t−λ2) with mutually distinct roots λ1, λ2 ∈ C
such that P (∆)ν˜ = 0, then ν˜ is of at most 2-type or infinite type.
Proof. Assume that ν˜ is of finite type and it has the following spectral decomposition; ν˜ = ν˜
λˆ1
+· · ·+ν˜
λˆk
with ∆ν˜
λˆi
= λˆiν˜λˆi (1 ≤ i ≤ k). Then we have
0 = P (∆)ν˜ = P (∆)(ν˜
λˆ1
+ · · ·+ ν˜
λˆk
)
=
k∑
i=1
(λˆi − λˆ1)(λˆi − λˆ2)ν˜λˆi .
Thus, we have (λˆi − λ1)(λˆi − λ2) = 0 (1 ≤ i ≤ k). Hence, we have λˆi = λ1 or λ2 for all i, that is, ν˜ is
of at most 2-type. Hence the statement of this lemma follows.
4 Proof of (i) and (ii) of Theorem A.
In this section, we prove (i) and (ii) of Theorem A.
Proof of (i) and (ii) of Theorem A. Let M be the complex circle of radius κ in H31. This surface M is
parameterized as
x(z) =
√
κ(cos z, sin z) (z ∈ C),
where
√
κ is one (with smaller argument) of squared roots of κ. Note that M is included by H31
because of Re(κ) = −1. For the convenience, we put √κ = c+√−1d. Let z = x+√−1y. By simple
calculations, we have
〈xx,xx〉 = −1, 〈xx,xy〉 = −2cd, 〈xy,xy〉 = 1.
Also, we can show that the unit normal vector fieldN ofM inH31 is given byN = (d+
√−1c)(cos z, sin z).
With respect to the frame field (xx,xy), the shape operator AN in the direction N is expressed as
AN =
(
α −β
β α
)
,
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where α = − 2cd
c2+d2
and β = 1
c2+d2
. Put e1 := xx, e˜2 = xy − 〈xy, e1〉e1 and e2 = 1|e˜2| e˜2. Then
(e1, e2) forms an orthonormal tangent frame field on M . Note that 〈e1, e1〉 = −1, 〈e2, e2〉 = 1 and
|e˜2|2 = 1 + 4c2d2. With respect to (e1, e2), the shape operator AN is expressed as
AN =
(
0 |e˜2|β
−|e˜2|β 2α
)
.
Thus, by remarking α = −2cdβ and c2 − d2 = −1, we obtain Hˆ = α and ‖hˆ‖2 = 2(α2 − β2), where Hˆ
and hˆ denote the mean curvature and the second fundamental form of M in H31. Hence, by (2.11), M
is flat. By (3.2) and (3.3), we have
∆ν˜ = 2(α2 − β2)ν˜ + 2αN ∧ e1 ∧ e2,(4.1)
∆2ν˜ = 4((α2 − β2)2 − α2)ν˜ + 4α(α2 − β2 − 1)N ∧ e1 ∧ e2.(4.2)
Hence,
∆2ν˜ − 2(α2 − β2 − 1)∆ν˜ + 4β2ν˜ = 0.(4.3)
Therefore by Lemma 3.3, ν˜ is either of finite type with type number k ≤ 2 or of infinite type.
If κ = −1, then we have c = 0 and hence α = 0. Therefore, it follows from (4.1) that ∆ν˜ = −2β2ν˜,
that is, ν˜ is of 1-type. If κ 6= −1, then we have α 6= 0. Hence it follows from (4.1) that ν˜ is of not
1-type. Therefore, ν˜ is of 2-type or of infinite type. Suppose that it is of 2-type, and that ν˜ has
decomposition ν˜ = ν˜1 + ν˜2 (∆ν˜1 = λ1ν˜1, ∆ν˜2 = λ2ν˜2). where λ1, λ2 ∈ R are mutually distinct. From
(4.1) and (4.2), ν˜1 and ν˜2 can be expressed as
ν˜1 = aν˜ + bN ∧ e1 ∧ e2,(4.4)
ν˜2 = (1− a)ν˜ − bN ∧ e1 ∧ e2(4.5)
for some constants a and b. By substituting (4.4) and (4.5) into (4.1) and (4.2), and comparing
coefficient of ν˜ and N ∧ e1 ∧ e2, we have
(λ1 − λ2)a = 2(α2 − β2)− λ2
(λ1 − λ2)b = 2α
(λ21 − λ22)a = 4(α2 − β2)2 − 4α2 − λ22
(λ21 − λ22)b = 4α(α2 − β2 − 1)
(4.6)
Therefore, we obtain
(4.7) λ22 − 2(α2 − β2 − 1)λ2 + 4β2 = 0.
The discriminant of (4.7) is
(α2 − β2 − 1)2 − 4β2 =(α2 − β2)2 − 1
=− 1
(c2 + d2)4
(16c8 + 16c6 + 32c4 + 16c2)
<0.
(4.8)
Therefore, there is no λ2 ∈ R satisfying (4.7). Thus a contradiction arises. Therefore, ν˜ is of infinite
type.
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5 Proof of (iii) and (iv) of Theorem A.
In this section, we prove (iii) and (iv) of Theorem A.
Proof of (iii) and (iv) of Theorem A. Let (A,B,C) be the Cartan frame field along a null curve γ(s)
in H31 given by Definition 4. Then, the immersion x(s, t) = γ(s)+ tB(s) parametrizes the B-scroll over
a null curve γ. We have
xs(s, t) = A(s) + t(k2C(s)− γ(s)) and xt(s, t) = B(s)
and hence
〈xs,xs〉 = t2(k22 − 1), 〈xs,xt〉 = −1 and 〈xt,xt〉 = 0.
The unit normal vector field of x is given by N(s, t) = k2tB(s) + C(s). With respect to the frame
(xs,xt), the shape operator AN in the direction N is expressed as
AN =
( −k2 0
−k1(s) −k2
)
.
When |k2| > 1 and t 6= 0, an orthonormal frame field (e1, e2) on M is given by
e1 =
xs
|xs| , e2 = e1 + |xs|xt.
By simple calculations, we have
AN (e1) =
1
|xs|AN (xs)
=
1
|xs| (−k2xs − k1(s)xt)
= − 1|xs|
(
k2|xs|e1 + k1(s) 1|xs|(e2 − e1)
)
=
(
−k2 + k1(s)
t2|k22 − 1|
)
e1 − k1(s)
t2|k22 − 1|
e2,
AN (e2) = AN (e1) +
〈xs,xs〉
|xs| AN (xt)
=
k1(s)
t2|k22 − 1|
e1 +
(
−k2 − k1(s)
t2|k22 − 1|
)
e2.
Thus, with respect to an orthonormal frame (e1, e2), the shape operator AN is expressed as
AN =
 −k2 + k1(s)t2|k22−1| k1(s)t2|k22−1|
− k1(s)
t2|k2
2
−1| −k2 −
k1(s)
t2|k2
2
−1|

and hence we have Hˆ = −k2, ‖hˆ‖2 = 2k22 . When |k2| < 1 and t 6= 0, we put e1 = xs|xs| and
e2 = e1 − |xs|xt. Similarly we have Hˆ = −k2, ‖hˆ‖2 = 2k22 . Hence M is non-flat B-scroll by (2.11)
when k22 6= 1 and t 6= 0. We put e3 := N and
ν˜1 :=
1
k22 − 1
(−ν˜ + k2e3 ∧ e1 ∧ e2),(5.1)
ν˜2 :=
1
k22 − 1
(k22 ν˜ − k2e3 ∧ e1 ∧ e2).(5.2)
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It is clear that ν˜ = ν˜1 + ν˜2. Using (3.2) and (3.3) we obtain that ∆ν˜1 = 0 and ∆ν˜2 = 2(k
2
2 − 1)ν˜2. On
the other hand, by using (3.1) and (3.3), we have
e1(ν˜) = ǫ1
(
−k2 + k1(s)
t2(k22 − 1)
)
x ∧ e3 ∧ e2 − ǫ1 k1(s)
t2(k22 − 1)
x ∧ e1 ∧ e3
e1(e3 ∧ e1 ∧ e2) = ǫ1e3 ∧ x ∧ e2
and hence
e1(ν˜1) =
ǫ1k1(s)
t2(k22 − 1)2
(x ∧ e3 ∧ e2 − x ∧ e1 ∧ e3) 6= 0.
Therefore ν˜ is of null 2-type.
When k22 = 1 or t = 0, an orthonormal frame field (e1, e2) on M is given by
e1 =
1√
2
(xs + xt), e2 =
1√
2
(xs − xt).
By simple calculations, we have
AN (e1) =
(
−k2 − k1(s)
2
)
e1 +
k1(s)
2
e2,
AN (e2) = −k1(s)
2
e1 +
(
−k2 + k1(s)
2
)
e2.
Thus, with respect to an orthonormal frame (e1, e2) ,the shape operator AN is expressed as
AN =
(
−k2 − k1(s)2 −k1(s)2
k1(s)
2 −k2 + k1(s)2
)
and hence we have Hˆ = −k2 and ‖hˆ‖2 = 2k22 . Hence M is flat B-scroll by (2.11). Using (3.2) and
(3.3), we obtain ∆ν˜ = 2ν˜ − 2k2e3 ∧ e1 ∧ e2 6= 0 and ∆2ν˜ = 0. Therefore ν˜ is infinite type by Lemma
2.1.
Conversely, assume that the pseudo-hyperbolic Gauss map ν˜ is of null 2-type. Then, from (3.1),
(3.2) and (3.3), we obtain
(5.3) ∆ν˜ = ‖hˆ‖2ν˜ + 2Hˆe3 ∧ e1 ∧ e2,
∆2ν˜ =(‖hˆ‖2 − 2)∆ν˜ + (∆(‖hˆ‖2)− 4Hˆ2 + 2‖hˆ‖2)ν˜
− 2
2∑
j=1
ǫjej(‖hˆ‖2)h3j1x ∧ e3 ∧ e2 − 2
2∑
j=1
ǫjej(‖hˆ‖2)h3j2x ∧ e1 ∧ e3.
(5.4)
Since ν˜ is of null 2-type, we can put ν˜ = ν˜1 + ν˜2 with ∆ν˜1 = 0 and ∆ν˜2 = λ2ν˜2 (λ2 6= 0), where ν˜1 is
non-constant. Then we have ∆2ν˜ = λ2∆ν˜. This together with (5.4) implies, ej(‖hˆ‖2) = 0 (i.e. ‖hˆ‖2
is constant), λ2 = ‖hˆ‖2 − 2. Hence the Gaussian curvature is constant, that is, ∆(‖hˆ‖2) = 0. This
together with (5.4) implies that ‖hˆ‖2 = 2Hˆ. Hence, from (2.11), we have
S = −2 + 4Hˆ2 − ‖h‖2 = −2 + ‖hˆ‖2 = λ2 6= 0.
From Fact 1, (i) and (ii) of Theorem A, M is an open part of a non-flat B-scroll.
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6 Proof of Theorems B and C.
In this section, we consider the pseudo-hyperbolic Gauss map of the parallel surface of a complex
circle and a B-scroll.
Definition 5. Let M¯ be a pseudo-Riemannian manifold andM be a pseudo-Riemannian hypersurface
of M¯ with unit normal vector field N . At least locally and for u ∈ R sufficiently close to 0, for the map
xu : M → M¯ defined by xu(p) := exp
x(p) uNp = γNp(u) (p ∈ M) is an immersion and Mu := xu(M)
is called the parallel surface of M at distance u, where expx(p) denotes the exponential map of M¯ at
x(p) and γNp denotes the geodesic in M¯ with γ
′
Np
(0) = Np.
Example 1. Let x : M →֒ Sn+11 (⊂ En+21 ) be a Lorentzian hypersurface and N be its unit normal
vector field. Then xu is given by xu(p) = cosux(p) + sinuNp (p ∈M).
Example 2. Let x : M →֒ Hn+11 (⊂ En+22 ) be a Lorentzian hypersurface and N be its unit normal
vector field. Then xu is given by xu(p) = coshux(p) + sinhuNp (p ∈M).
O
H
3
1
x(p)
N(p)
x(p′)
γNp(u)
γN
p′
(u)
x(M)
xu(M)
γN
p′
γNp
Figure 3 : parallel surface
Proof of Theorem B. Let M be a complex circle in H31, κ be the radius of M . Let
√
κ = c +
√−1d
(c, d ∈ R). Since M ⊂ H31, we have Re(κ) = c2 − d2 = −1. We remember that a unit normal vector
field N of M is given by N(z) = (d +
√−1c)(cos z, sin z). Hence the parallel surface Mu of M at
distance u is parameterized by
xu(z) = coshu · (c+√−1d)(cos z, sin z) + sinhu · (d+√−1c)(cos z, sin z)
= κu(cos z, sin z),
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where κu is the complex number satisfying
√
κu := (c cosh u + d sinhu) +
√−1(d cosh u + c sinhu).
Thus Mu is the complex circle of radius κu. It is easy to show that, when u moves over (−∞,∞), κu
moves over the whole of {z ∈ C |Re(z) = −1}. There the statement of Theorem B follows from (i)
and (ii) of Theorem A.
Next we prove Theorem C.
Proof of Theorem C. We consider a B-scroll M(:⇔def x(s, t) = γ(s) + tB(s)) in H31. Since N(s, t) =
k2tB(s) + C(s) where k2 is the second curvature of γ, the parallel surface M
u of M is parameterized
as
xu(s, t) = r(u)tB(s) + sinhuC(s) + cosh uγ(s).
We put r(u) := cosh u+ k2 sinhu. By simple calculations, we have
∂xu
∂s
= r(u)A(s) + k1(s) sinhuB(s) + r(u)t(−γ(s) + k2C(s)),
∂xu
∂t
= r(u)B(s)
and hence 〈
∂xu
∂s
,
∂xu
∂s
〉
= r(u)(−2k2 sinhu+ r(u)t2(k22 − 1)),〈
∂xu
∂s
,
∂xu
∂t
〉
= −r(u)2,〈
∂xu
∂t
,
∂xu
∂t
〉
= 0.
(6.1)
If r(u) = 0, then xu is not immersion. Hence, we need to assume that
arctanh−1
k2
< u <∞ if k2 > 1,
−∞ < u < arctanh−1
k2
if k2 < −1,
−∞ < u <∞ if |k2| ≤ 1.
(6.2)
The unit normal vector field Nu of Mu is given by Nu(s, t) = k2+r(u) sinhucosh u tB(s) + coshuC(s) +
sinhuγ(s). Hence the shape operator ANu in the direction N
u is expressed with respect to the usual
frame (∂x
u
∂s
, ∂x
u
∂t
) as
ANu =
(
−α 0
− k1(s)
r(u)2
−α
)
,
where α = k2+r(u) sinhu
r(u) cosh u . When
∂xu
∂s
is non-null, we put
e1 :=
1∣∣∂xu
∂s
∣∣ ∂xu∂s , e˜2 := 1∣∣∂xu
∂s
∣∣
(
−r(u)2∂x
u
∂s
−
〈
∂xu
∂s
,
∂xu
∂s
〉
∂xu
∂t
)
.
We have |e˜2| = r(u)2. We put e2 := 1r(u)2 e˜2. Then, with respect to an orthonormal frame (e1, e2), the
shape operator ANu is expressed as
ANu =
( −α+ β −β
β −α− β
)
,
where β = k1(s)
r(u)(−2k2 sinhu+r(u)t2(k22−1))
. Thus, the mean curvature Hˆu = −α and ‖hˆu‖2 = 2α2.
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When ∂x
u
∂s
is null, an orthonormal frame field (e1, e2) on Mu is given by
e1 =
1√
2r(u)
(
∂xu
∂s
+
∂xu
∂t
)
, e2 =
1√
2r(u)
(
∂xu
∂s
− ∂x
u
∂t
)
.
With respect to (e1, e2), the shape operator ANu is expressed as
ANu =
( −α− β′ −β′
β′ −α+ β′
)
,
where β′ = k1(s)2r(u)2 . Thus, the mean curvature Hˆu = −α and ‖hˆu‖2 = 2α2. In both cases, it follows
that Mu has constant Gaussian curvature. Hence, by Fact 1, Mu is a B-scroll or a complex circle. By
Theorem B, Mu is a B-scroll. By (2.11), Mu is flat if α
2 = 1 and Mu is non-flat if α
2 6= 1.
Assume that Mu is flat for some u 6= 0. Then we have α2 = 1 and hence r(u)(− sinhu± cosh u) = k2.
From this relation, we have k2 = ±1. Hence we obtain the second-half of statement of this theorem.
Remark 6.1. We put
u+ :=
{ ∞ (k2 ≥ −1)
arctanh(−1
k2
) (k2 < −1) and u− :=
{ −∞ (k2 ≤ 1)
arctanh(−1
k2
) (k2 > 1).
(6.3)
If u+ <∞ (resp. u− > −∞), then Mu+ (resp. Mu−) is a focal submanifold of M by (6.1).
Remark 6.2. In S31, we can derive the following fact similar to Theorem C and Remark 6.1. We put
u+ :=
{
arctan −1
k2
(k2 < 0)
pi
2 (k2 > 0)
and u− :=
{ −pi2 (k2 < 0)
arctan −1
k2
(k2 > 0),
(6.4)
Mu+ and Mu− are a focal submanifold of M .
when r(u) = 0
x0(M) = x(M)
geodesic
x0(p) = x(p)
xu2(p)
xu2(M)
xu1(M)
xu1(p)
Np
xr
−1(u)(M)
in the case of k2 < −1
xu(p)
Figure 4 : focal submanifold of B-scroll
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7 Cartan frame field of null curve of general order
E. Cartan showed that the existence of the Frenet type frame along a null curve of R31, called Cartan
frame. K. L. Duggal and A. Bejancu ([DB]) constructed a Frenet type frame and equations along a
null curve of a Lorentzian manifold. D. H. Jin ([J]) constructed a new type Frenet frame and equations
simpler than Duggal and Bejancu’s Frenet frame and equations, by using it. Also, he proved that
if we takes a special parameter (called distinguished parameter) then it becomes simpler moreover.
Daggal and Bejancu-type Frenet frame is called the general Frenet frame and Jin-type one is called the
natural Frenet frame. Frenet equations also are named similary. In particular, Ferrandez-Gimenez-
Lucas ([FGL]) call Natural Frenet of null curves γ parameterized by pseudo-arc parameter (that is
〈∇γ˙ γ˙,∇γ˙ γ˙〉 = 1) the Cartan frame field. Note that the Cartan frame in this paper differ from the
meaning of [FGL].
Lemma 7.1. Let γ(s) be a null curve of order d(≥ 3) in n-dimensional Lorentzian manifold (M, 〈, 〉,∇),
there is a frame field (A,B,C,Z1, Z2, · · · , Zd−3) along γ(s) satisfying
〈A,A〉 = 〈B,B〉 = 0, 〈A,B〉 = −1,
〈A,C〉 = 〈B,C〉 = 0, 〈C,C〉 = 1,
〈A,Zi〉 = 〈B,Zi〉 = 〈C,Zi〉 = 0,
〈Zi, Zj〉 = δij
(7.1)
and 
γ˙ = A,
∇γ˙A = k1C
∇γ˙C = k2A+ k1B
∇γ˙B = k2C + k3Z1
∇γ˙Z1 = k3A+ k4Z2
∇γ˙Z2 = −k4Z1 + k5Z3
...
∇γ˙Zd−4 = −kd−2Zd−5 + kd−1Zd−3
∇γ˙Zd−3 = −kd−1Zd−4.
(7.2)
This frame field (A,B,C,Z1, · · · , Zd−3) is called the Cartan frame field along γ(s), where ki (i =
1, · · · , d− 1) are positive-valued functions.
Natural Frenet equations of null curves parameterized by distinguished parameter and (7.2) equa-
tions are the same form by remarking 〈A,B〉 = −1. The frame field in Lemma 7.1 is different from
the Natural Frenet frame field in constructive method and parameters condition. We construct in the
order of A,C,B,Z1, · · · , Zn−3, while they construct in the order of A,B,C,Z1, · · · , Zn−3. Also, we
constructed the frame field directly while they constructed the natural Frenet frame field by way of a
general Frenet frame fields. In [FGL], the Cartan frame in the sense of their is constructed directly.
Their constructive method and that of Lemma 7.1 are the same except for a null curve parameterized
by pseudo-arc or not. In this paper, a parameter of γ is arbitrary, that is, 〈∇γ˙ γ˙,∇γ˙ γ˙〉 is non-constant.
Proof. We constitue it like the Frenet formula. First we show that ∇γ˙A is non-null. Suppose that
∇γ˙A is null. Since γ is of order d(≥ 3), A and ∇γ˙A are linearly independent. Denote by W1 the
2-dimensional subspace spanned by A and ∇γ˙A. Also we have
〈A,∇γ˙A〉 = 1
2
γ˙〈A,A〉 = 0.
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Let (e1 = A, e2 = ∇γ˙A, e3, · · · , en) be a frame field along γ(s). Then we have
(〈ei, ej〉) =
 0 00 0 *
* *
 .
This contradicts the fact that 〈, 〉 is Lorentzian. Therefore ∇γ˙A is non-null.
We put k1(s) =
√|〈∇γ˙A,∇γ˙A〉| and C(s) = 1k1(s)∇γ˙A, and ǫC := 〈C,C〉. We have
∇γ˙C =
(
1
k1
)·
∇γ˙A+ 1
k1
∇γ˙(∇γ˙ γ˙) ∈ Span{γ˙,∇γ˙ γ˙,∇γ˙(∇γ˙ γ˙)}(7.3)
Also we have 〈∇γ˙C,C〉 = 0 and 〈A,C〉 = 0, Hence
(7.4) 〈∇γ˙C,A〉 = −〈C,∇γ˙A〉 = −k1〈C,C〉 (6= 0).
Let (eˆ1 = C, eˆ2 = A, eˆ3, · · · , eˆn) be a frame field along γ satisfying (eˆ2, · · · , eˆn) is a frame field of
Span{C}⊥. Then we have
(〈eˆi, eˆj〉) =

ǫC 0
0 0
0 · · · 0
0
...
0
∗
 .
Therefore we have ǫC = 1 and 〈∇γ˙C,A〉 = −k1 because 〈, 〉 is Lorentzian. Hence we have Since γ is of
order d(≥ 3), we have dim(Span{A,∇γ˙C}) = 2. From these facts, it follows that Span{A,∇γ˙C} is a
2-dimensional Lorentzian space. There is a unique null vector B ∈ Span{A,∇γ˙C} such that 〈A,B〉 =
−1. It can be expressed as ∇γ˙C = aA+ bB for some functions a and b because ∇γ˙C ∈ Span{A,B}.
We have b = k1 by (7.4). We put k2 := a. Put W2 = Span{A,B,C}⊥, which is (n − 3)-dimensional
Euclidean space. We put
∇γ˙B = aˆA+ bˆB + cC + Z (Z ∈W2).
We have
−aˆ = 〈∇γ˙B,B〉 = 0,
−bˆ = 〈∇γ˙B,A〉 = 〈B,∇γ˙A〉 = −k1〈B,C〉 = 0,
cˆ = 〈∇γ˙B,C〉 = −〈B,∇γ˙C〉 = k2.
If d = 3, then we have Z = 0. In the sequel, we consider the case of d ≥ 4.
We put k3 = |Z| and Z1 = Z|Z| . Then ∇γ˙B can be expressed as ∇γ˙B = k2C + k3Z1. We put
∇γ˙Z1 = aˇA+ bˇB + cˇC + zˇ1Z1 + Zˆ,
where Zˆ ∈ Span{A,B,C,Z1}⊥. Then we have
−bˇ = 〈∇γ˙Z1, A〉 = −〈Z1, k1C〉 = 0,
−aˇ = 〈∇γ˙Z1, B〉 = −〈Z1, k2C + k3Z1〉 = −k3,
cˇ = 〈∇γ˙Z1, C〉 = 〈Z1, k2A+ k1B〉 = 0,
zˇ1 = 〈∇γ˙Z1, Z1〉 = 0.
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If d = 4, then we have Zˆ = 0. In the sequel, we consider the case of d ≥ 5. Then we have Zˆ 6= 0. We
put k4 = |Zˆ| and Z2 = Zˆ|Zˆ| . Then ∇γ˙Z1 can expressed as ∇γ˙Z1 = k3A+ k4Z2. We put
∇γ˙Z2 = a˜A+ b˜B + c˜C + z˜1Z1 + z˜2Z2 + Z˜,
where Z˜ ∈ Span{A,B,C,Z1, Z2}⊥. Then we have a˜ = b˜ = c˜ = z˜2 = 0 and z˜1 = −k4. If d = 5, then
we have Z˜ = 0. In the sequel, we consider the case of d ≥ 6. Then we have Z˜ 6= 0. We put k5 = |Z˜|
and Z3 =
Z˜
|Z˜| . Then ∇γ˙Z2 is expressed as ∇γ˙Z2 = −k4Z1 + k5Z3. By repeating the same discussion,
we can derive the relations in Lemma 7.1.
It has already been proven their uniquely exist of a null curve of Rn1 equipped with a general Frenet
frame field for differentiable for any given functions ki : [−ǫ, ǫ] → R. For a null curve of Sn1 (or Hn1 )
and a Cartan frame field in the sense of [FGL], respectively. See [DB], [DJ], [FGL] etc about these
facts. We prove the above about the Cartan frame field in Lemma 7.1 in another method.
Proposition 7.1. Let k1, · · · , kn : [−ǫ, ǫ]→ R be differentiable non-zero functions. There is a unique
null curve γ of order n of Rn1 equipped with a frame field (A,B,C,Z1, · · · , Zn−3) along γ satisfying
(7.1) and (7.2).
Proof. We put V := 1√
2
(A + B) and W := 1√
2
(A − B). Let F˜ be a matrix consisting column vector
fields V,W,C,Z1, · · · , Zn−3, that is F˜ = (V W C Z1 · · · Zn−3). We put
K˜ =

0 0 1√
2
(k1 + k2)
1√
2
k3 0
0 0 − 1√
2
(k1 − k2) 1√2k3 0
1√
2
(k1 + k2)
1√
2
(k1 − k2) 0 0 0
1√
2
k3 − 1√2k3 0 0 −k4
0 0 0 k4 0
. . .
0 −kn−1 0
kn−1 0 −kn
0 kn 0

,
then (7.2) holds
˙˜
F = F˜ K˜.(7.5)
If you give the initial value, the solution is unique. We prove that the solution satisfying (7.1). We
put E := diag(−1, 1, · · · , 1). Let Φ be (7.5) solution with E as the initial value. It is easy to check
that for any initial value F˜0 the solution expressed as F˜ = F˜0EΦ and EK˜ is skew-symmetric. Hence
d
ds
(EF˜−1E)(s) = −EK˜(s)F˜−1(s)E
= t(EK˜(s))F˜−1(s)E
= tK˜(s)(EF˜−1E)(s).
By
tΦ(s0) =
tE = E
(EΦ−1E)(s0) = E,
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we obtain tF˜ = EF˜−1E. Hence, the columns of F˜ form an orthonormal basis for Rn1 and V is timelike.
Thus F satisfies (7.1). When we put γ(s) =
∫ s
s0
A(t)dt, γ is null curve satisfying (7.1) and (7.2).
Lastly we prove the uniqueness of γ. Let γ1 and γ2 be null curves that have same Cartan curvatures
k1, · · · , kn. Let F˜i be an pseudo-orthogonal matrix defined F˜i = (V i W i Ci Zi1 · · · Zin−3) for
γi(s) (i = 1, 2). We put F˜
0
1 := F˜1(s0) and F˜
0
2 = F˜2(s0). When we put L := F˜
0
2 (F˜
0
1 )
−1, relationship
between F˜1 and F˜2 is F˜1(s) = LF˜2(s). In particular, A
2(s) = LA2(s) because V 2(s) = LV 1(s) and
W 2(s) = LW 1(s). We put b := γ2(s0)− Lγ1(s0), we have
γ2(s) = γ2(s0) +
∫ s
s0
A2(t)dt
= Lγ1(s0) + b+
∫ s
s0
LA1(t)dt
= Lγ1(s) + b.
Since L is a pseudo-orthogonal matrix, it is linear isometry.
Remark 7.1. In the case of d = 3, we have
γ˙ = A
∇γ˙A = k1C
∇γ˙C = k2A+ k1B
∇γ˙B = k2C.
In the case of d = 4, we have 
γ˙ = A
∇γ˙A = k1C
∇γ˙C = k2A+ k1B
∇γ˙B = k2C + k3Z1
∇γ˙Z1 = k3A.
Lemma 7.2. Let γ be a null curve γ(s) of order d(≥ 3) in Hn1 (resp. Sn1 ) and (A,B,C,Z1, · · · , Zn−3)
the Cartan frame field along γ(s). Then, with respect to the connection ∇˜ of En+12 (resp. En+11 ), the
following relations hold:
∇˜γ˙A = k1C
∇˜γ˙C = k2A+ k1B
∇˜γ˙B = k2C + k3Z1 + ǫγ
∇˜γ˙Z1 = k3A+ k4Z2
∇˜γ˙Zi = −ki+2Zi−1 + ki+3Zi+1 (2 ≤ i ≤ n− 4)
∇˜γ˙Zn−3 = −kn−1Zn−4
(7.6)
where ǫ = −1 (resp. ǫ = +1).
Proof. Let Hˆx be the mean curvature vector of H
n
1 in E
n+1
2 (resp. S
n
1 in E
n+1
1 ). Then we have
Hˆγ = −ǫγ. Since Hn1 (resp. Sn1 ) is totally umbilic in En+12 (resp. En+11 ), we have
∇˜γ˙A = k1C + 〈A,A〉Hˆγ = k1C
∇˜γ˙C = k2A+ k1B + 〈A,C〉Hˆγ = k2A+ k1B
∇˜γ˙B = k2C + k3Z1 + 〈A,B〉Hˆγ = k2C + k3Z1 + ǫγ
∇˜γ˙Z1 = k3A+ k4Z2 + 〈A,Z1〉Hˆγ = k3A+ k4Z2
∇˜γ˙Zi = −ki+2Zi−1 + ki+3Zi+1 + 〈A,Zi〉Hˆγ = −ki+2Zi−1 + ki+3Zi+1
∇˜γ˙Zn−3 = −kn−1Zn−4 + 〈A,Zn−3〉Hˆγ = −kn−1Zn−4.
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Proposition 7.2. Let k1, · · · , kn : [−ǫ, ǫ]→ R be differentiable non-zero functions. There is a unique
null curve γ of order n of Hn1 (or S
n
1 ) equipped with a frame field (A,B,C,Z1, · · · , Zn−3) along γ
satisfying γ˙ = A, (7.1), (7.6) and
〈γ, γ〉 = ǫ
〈A, γ〉 = 〈B, γ〉 = 〈C, γ〉 = 〈Zi, γ〉 = 0(7.7)
where ǫ = −1 (resp. ǫ = +1).
Proof. We put V = 1√
2
(A+B), W = 1√
2
(A−B) and F˜ = (γ V W Z1 · · · Zn−3). Then (7.6)
holds
˙˜
F (s) = F˜ (s)K˜(s)(7.8)
where
K˜ =

0 1√
2
ǫ − 1√
2
ǫ 0 0
1√
2
0 0 1√
2
(k1 + k2)
1√
2
k3
1√
2
0 0 − 1√
2
(k1 − k2) 1√2k3
0 1√
2
(k1 + k2)
1√
2
(k1 − k2) 0 0
0 1√
2
k3 − 1√2k3 0 0 −k4
0 0 0 0 k4 0
. . .
0 −kn−1 0
kn−1 0 −kn
0 kn 0

.
If you give the initial value, (7.8) solution is unique. Let E be diag(ǫ,−1, 1, · · · , 1). By simple
calculations, we have tK˜ = −EK˜E. Hence
d
ds
(EF˜−1E)(s) = −EK˜(s)F˜ (s)−1E
= −EK˜(s)E(EF˜−1E)(s)
= tK˜(s)(EF˜−1E)(s).
Let Φ be (7.8) solution with E as the initial value, then tΦ(s0) = (EΦ
−1E)(s0) = E. Thus tF˜ =
EF˜−1E and (γ,A,B,C,Z1, · · · , Zn−3) satisfies (7.1) and (7.7).
8 Proof of Theorem D.
In this section, we prove Theorem D.
Proof of Theorem D. By Lemma 7.2, we have
xs = A(s)− k1(s)k2|z|
2
2
B(s) + k2tC(s) + k3tZ1(s) +
n−2∑
j=1
zjZ˙j(s)− tγ(s),
xt = B(s),
xzi = ziγ(s) + Zi(s)− k2ziC(s).
(8.1)
The unit normal vector field N of the Lorentzian hypersurface x : Mn1 →֒ Hn+11 as in Theorem D is
given by
N(s, t, z) = k2tB(s) + k2
n−2∑
j=1
zjZj(s) +
(
1− |z|
2
2
)
C(s) +
k2|z|2
2
γ(s),
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where z = (z1, · · · , zn−2). With respect to (∂x∂s , ∂x∂t , ∂x∂z1 , · · · , ∂x∂zn−2 ), the shape operator AN is expressed
as
AN =

−k2 0
−k1(s) −k2 0
0
−k2
. . .
−k2
 .
By Lemma 7.2, we obtain
〈Z˙1, Z˙1〉 = k24
〈Z˙i, Z˙i〉 = k2i+2 + k2i+3 (2 ≤ i ≤ n− 3)
〈Z˙n−3, Z˙n−3〉 = k2n
〈Z˙i, Z˙j〉 = 0 (i 6= j or i 6= j ± 2)
〈Z˙i, Z˙i+2〉 = −ki+3ki+4 (1 ≤ i ≤ n− 4)
(8.2)
and
n−2∑
i,j=1
zizj〈Z˙i, Z˙j〉 = k24z21 +
n−3∑
i=2
(k2i+2 + k
2
i+3)z
2
i + k
2
nz
2
n−3 + 2(−k4k5z1z3 − · · · − kn−1knzn−4zn−2)
= k24z
2
1 + k
2
nz
2
n−3 +
n−3∑
i=1
(ki+2zi − ki+3zi+1)2.
Hence
〈xs,xs〉 = −k1k2|z|2〈A,B〉+ k22t2〈C,C〉+ k23t2〈Z1, Z1〉+
n−2∑
i,j=1
zizj〈Z˙i, Z˙j〉
+ t2〈γ, γ〉 + 2k3t〈Z1,
n−2∑
j=1
zjZ˙j〉 − k1k2|z|2〈B, z1Z˙1〉
= k1k2|z|2(1 + k3z1) + k23t2 + k24z21 +
n−3∑
i=1
(ki+2zi − ki+3zi+1)2 + k2nz2n−3 − 2k3k4z2t,
〈xs,xzi〉 = k3tδ1i +
n−2∑
j=1
zj〈Zi, Z˙j〉
=

k3t− k4z2 (i = 1)
ki+2zi−1 − ki+3zi+1 (2 ≤ i ≤ n− 3)
knzn−3 (i = n− 2)
,
〈xs,xt〉 = −(1 + |z|2 + k3z1), 〈xt,xt〉 = 〈xt,xzi〉 = 0, 〈xzi ,xzj 〉 = δij.
We put ej = xzj (1 ≤ j ≤ n− 2) and
e˜n−1 := xs −
n−2∑
j=1
〈xs, ej〉ej .
If e˜n−1 is non-null, we put
en−1 :=
1
|e˜n−1| e˜n−1, e˜n :=
1
|e˜n−1|(〈xs,xt〉en−1 − 〈e˜n−1, e˜n−1〉xt)
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and en :=
1
〈xs,xt〉 e˜n. With respect to the orthonormal frame field (e1, · · · , en), the shape operator AN
is expressed as
AN =

−k2
. . .
−k2
0
0 −k2 − α −αα −k2 + α
 ,
where α = ǫn−1
k1|e˜n|
|e˜n−1|2 . If e˜n−1 is null, we put
en−1 :=
1√
2〈e˜n−1,xt〉 12
(e˜n−1 + xt),
en :=
1√
2〈e˜n−1,xt〉 12
(e˜n−1 − xt).
With the orthonormal frame field (e1, · · · , en), the shape operator AN is expressed as
AN =

−k2 0
. . .
−k2
β1 β1
...
...
βn−2 βn−2
0 −k2 − α −αα −k2 + α
 ,
where α = k1(s)2 and βj =
k2√
2〈e˜n−1,xt〉
1
2
∑n−2
j=1 〈xs, ej〉. In both cases, ‖hˆ‖2 = n and the mean curvature
Hˆ = −k2. By (2.11), Mn1 is scalar flat. Hence, ∆ν˜ = nν˜ − 2k2N ∧ e1 ∧ e2 6= 0 and ∆2ν˜ = 0 by (3.2)
and (3.3). Therefore, ν˜ is of infinite type by Lemma 2.1.
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